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We argue that spinning black holes are capable to implement complex quantum information processes encoded in Xray photons emitted by the accretion disk. Recently, numerical simulations showed that X-ray photons emitted by
accretion disk acquire rotation of polarization angle and orbital angular momentum due to strong gravitational field
in the vicinity of the rotating black holes. Based on these two degrees of freedom we construct a bipartite two-level
quantum system of the accretion disks photons. To characterize the quantum states of this system we consider linear
entropy for the reduced density matrix of polarization with the intention to exploit its direct relation with the photons
degree of polarization. Since the X-ray radiation has a minimum degree of polarization located at the transition region
of the accretion disk, the linear entropy is higher for the photons emitted on this region inferring a higher degree of
entanglement for the composite system. We emphasize that for an extreme rotating black hole in the thermal state,
the photons with energies at the thermal peak are maximally entangled in polarization and orbital angular momentum,
leading to the creation of all four Bell states. Detection of the Bell states encoded by X-ray photons emitted nearby
rotating black holes should be possible by equipment actually used in quantum information processing.
I.

Rotating black holes (RBH) are among the most mysterious
predictions general relativity has made. Spinning black holes
are literally dragging and twisting the space-time nearby influencing the photons emitted by the accretion disk. The strong
gravitational field in the vicinity of spinning BH rotates the
angle of polarization and imprint orbital angular momentum
to X-ray photons emitted by accretion disk.
The efforts to determine the characteristics of these remarkable astrophysical bodies were mainly focused in the recent
years over detecting the polarization of X-ray radiation coming from the accretion disk. It was pointed out in [1], [2], [3],
[4], [5], [6] based on Stokes parameters calculation, that photons emitted by the accretion disk of black holes in the thermal
state, should possess linear polarization, either parallel or perpendicular to the plane of the disk.
On the outer region of the disk, at low energies the X-ray
radiation is horizontally polarized parallel to the plane of the
disk. The polarization angle of photons coming from the innermost region is shifted through vertical polarization, perpendicular to the disk plane due to the strong gravitational
field in the vicinity of the RBH.In this region, at high energies the X-ray photons are vertically polarized. The degree of
polarization is maximal in these two regions of the accretion
disk. Between the outer and inner regions of the disk, at the
transition region the relative contributions of horizontal and
vertical polarized photons are nearly equal and no net polarization is observed. The transition region is characterized by
very low degrees of polarization that tends to zero for nearextreme spinning black holes.
On the other hand, numerical simulations [10], [11], [12],
[13] suggest that strong dragging frame effect near rotating black holes imprint nontrivial orbital angular momentum
(OAM) modes to photons emitted by the accretion disk. X-ray
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photons coming from the disk are forced by the twisted spacetime around spinning black hole to acquire OAM. As the BH
spins faster the OAM modes spectrum extend to wider values
carrying both positive and negative OAM values (±`).
When measured by a distant observer, the X-ray radiation coming from accretion disk should carry linear polarization (horizontal or vertical) and specific (positive or negative)
OAM values as a consequence of spacetime shape modeled
by the presence of rotating black hole.
To completely determine the states of photons emitted near
rotating black holes we consider the density matrix [7], [8] of
the composite system consisting of the two degrees of freedom - polarization and OAM which form Hermitian and orthogonal two-level subsystems.
To simplify further the analysis of this bipartite system consisting of two-level subsystems, polarization and OAM, we
use the reduced density matrix of photons polarization having
in mind to exploit its direct relation with the photon degree of
polarization via the linear entropy. Our main assumption here
is that the degree of mixed-ness of the polarization subsystem determines the degree of entanglement of the composite
system, polarization-OAM as in [14], [15], [16], [17], [18],
[19]. The high mixed-ness of the subsystem suggests a strong
non-separability (entanglement) of the composite system.
We consider linear entropy of the X-ray photons polarization in order to shed light on the degree of mixedness in this
subsystem. Broadly, the low degree of polarization of X-ray
radiation on the transition region of the accretion disk is an
indication of high values of linear polarization and so a high
degree of mixed-ness at the subsystem level; an expected result since on the transition region both horizontal and vertical
polarized photons are present. From here we conclude that Xray photons emitted by accretion disk possess a certain degree
of entanglement in polarization and OAM modes.
The outer and innermost regions of rotating black hole accretion disk emit photons closer to pure state, due to the strong
horizontal and, respectively vertical polarization. The X-ray
photons emitted on the transition region are in mixed states
which suggest entangled to a certain degree that depends on
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BH spin. The faster the BH spins the higher de degree of entanglement of X-ray photons in polarization and OAM.
The maximal entangled state is realized in the case of an
extreme spinning BH (a = 1), for the photons at the energy
peak in the transition region.
The maximal entanglement in polarization and OAM of Xray photons coming from the transition region of the accretion
disk is expressed via Schmidt decomposition [26], [27] by the
all four Bell states.
The Bell states of X-ray photons can be measured by simple quantum optics set ups [20], [21] with the limitation imposed here by the high energy of photons (X-ray band). With
the later progress in technology related to X-ray laboratory research [23], [24], [25] leading to quantum computation with
X-ray photons [22] legitimate hopes are directed towards detection and measurements of the Bell states the X-ray radiation coming from galactic active nuclei and solar-mass black
holes accretion disk.
Detection of Bell states is an important indication on the
possibility that strong gravitational field near rotating black
holes to literally implement complex quantum information
processes encoded in the X-ray photons emitted by accretion
disk.

II.

Expectations to unveil some of the black holes hidden characteristics, such as the speed of spinning, are related to measuring the polarization of X-ray photons emitted by the accretion disk. Polarization of radiation emitted by accretion
disk in thermal state is analyzed in [1] [2], [4], [5] considering the simplest model of a geometrically thin, optically thick,
steady-state accretion disk, aligned with the BH spin axis.
Stokes parameters are central in attempts [1], [2], [3], [4],
[5], [6] to estimate the degree of polarization and the polarization angle of X-ray radiation emitted by accretion disk near
RBH:
s0 = I

(1)

s1 = Q = Icos2βcos2χ

(2)

s2 = U = Icos2βsin2χ

(3)

s3 = V = I sin2β

(4)

where χ is the polarization angle.
Angle of polarization and degree of polarization, the two
parameters of interest that quote the characteristics of black
hole are derived from the Stokes parameter in the following
manner :
tan2χ =

U
Q

(5)

Figure 1. Polarization degree (left) and polarization angle for X-ray
photons emitted by accretion disk of BH with different spin
parameter.

δ=

p

Q2 + U 2

(6)

we consider here only the linear polarization since the polarization is induced by Compton scattering. These two parameters are sensitive to the black hole spin (a) and the inclination angle (i) of the accretion disk in relation with a distant
observer that detect X-ray photons coming from the accretion
disk. The angle of inclination is not relevant here and will be
assigned to a constant value i = 450 ; only the spin parameter
of the black hole is inferred further.
Numerical simulations results, considering different spin
parameters (a) are resumed in the figure 1, where the degree
of polarization of X-ray radiation is depicted in left panel and
the angle of polarization in the right image.
It can be noted from the left image in the figure 1 that Xrays emitted near the outer region of the accretion disk, at low
energies, are polarized parallel to the plane of the disk, horizontal polarization. The strong gravitational field close to the
black hole rotates the polarization angle of the X-ray photons
emitted by the innermost regions of the disk to positive or
negative values perpendicular to the plane of the disk; vertical polarization. The rotation of polarization angle is greater
for rapidly spinning black holes where accretion disk moves
closer to the horizon.
At the transition region of the accretion disk situated between low energies and high energies of X-ray radiation, both
horizontal and vertical polarization photons are present canceling each other contribution, phenomenon reflected in a
minimum peak of the degree of polarization. It can be noted
from the figure 1 (left) that for near-extreme rotating black
holes (a = 0, 998) the degree of polarization of photons at
the peak energies emitted in the transition regions goes to a
minimum that almost approach zero value (δ = 0). This is an
important result which will play a crucial role in what follows.
Unlike radio or optical telescopes, which measure the intensity of the radiation from the source, most X-ray telescopes
detect individual photons. Using the additivity of Stokes parameters and counting a large number of photons the above
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results are recovered. Since the number of X-ray photons is
small we desire to extract as much information as is physically
possible from every photon.
Stokes parameters could be inferred to construct the polarization coherency matrix of the photons emitted near rotating
black holes, a less considered approach [7], [8] which unitary
contain all physical information about the polarization state of
radiation. The polarization coherency matrix is given by:
#
"
1 I + Q U − iV
2 U + iV I − Q

ρp =

(7)

Replacing the values of Stokes parameters from the equations (1) ,polarization matrix takes the form:
#
1 + cos2βcos2χ
cos2βsin2χ − isin2β
ρp =
cos2βsin2χ + isin2β
1 − cos2βcos2χ
"

(8)

Only linear polarization of X-ray radiation coming from the
accretion disk is retain further since the comptonization of radiation scattered from the disk prevent the circular polarization. Taking β = 0 and by straightforward calculations the
coherency matrix could be written as:
cos2 χ cosχsinχ
cosχsinχ sin2 χ

"
ρp =

#
(9)

The coherency polarization matrix equals the density matrix of the photons source [14], [15] since density matrix is the
unit trace scaling of the polarization matrix and T r(ρ p ) = 1,
such as for the rest of the present paper we will refer to ρ p as
the density matrix of polarization of X-ray photons.
The density matrix corresponds to the general quantum
state of X-ray photons emitted by the accretion disk near the
rotating black hole:
|Φ pol i = cosχ |Hi + sinχ |Vi

(10)

where H and V are horizontal and respectively vertical polarization.
Considering that only linear polarization horizontal (H) and
vertical (V) to the plane of the accretion disk is measured the
density matrix reduces to:
" 2
#
cos χ 0
ρp =
0
sin2 χ

outside region of accretion" disk,
#
# horizontally (H)
" polarized,
0 0
1 0
.
, while the ρ p =
the density matrix is ρ p =
0 1
0 0
At the transition region X-ray photons form a mixture of
pure states consisting
" 1 of# photons polarized equally horizontal
0
and vertical ρ p = 2 1 .
0 2
The mixture of horizontal and vertical polarization of accretion disk X-ray photons is in accordance with the figure
1.

(11)

The matrix (7) is the diagonalized two dimensional Hermitian (H pol ) density matrix of the two-level orthogonal system
of X-ray photons polarization, considered in the basis H, V as
the degree of freedom.
The states of the X-ray photons are parts of the Hermitian
space of polarization |Φ pol i ∈ H pol .
Based on the density matrix representation, we can now
characterize the state of the X-ray photons emitted near the

III.

Acquiring orbital angular momentum by photons emitted
or passing nearby the equatorial plane of rotating black holes,
the hypothesis formulated by Harwit [9], gained consistency
lately in [10], [11], [12], [13].
Tamburini et al. [10] performed numerical simulations of
the radiation emitted from an accretion disk of a rotating
black hole and observed nontrivial photon OAM generation
and asymmetric spectra in terms of the LG-mode. Radiation beam emitted by accretion disk acquiring independent
azimuthal phase term ei`φ possesses an orbital angular momentum of ` per photon, where ` is the integer topological
charge.
The OAM values ` that the frame dragging effect nearby
spinning black holes imprint to X-ray radiation emitted by accretion disk are determined by BH spin and the inclination
angle of the disk towards a remote observer. We maintain for
the inclination angle the same value i = 450 as discussed in
the case of X-ray polarization and analyze further the only the
BH spin parameter influences on the X-ray radiation coming
from the accretion disk.
The figure 2 depicts the maps of OAM modes acquired by
X-ray photons emitted near RBH having two different values
for the spin parameter, a relatively slow spinning BH (a =
0, 5) to the left and a near-extreme rotating BH (a = 0, 99) to
the right, captured from [10].
Notice from figure 2 that the slow spinning BH is characterized by a narrow spectrum of OAM that reduces only to zero
LG mode (` = 0) for Schwartzchild BH (a = 0) , which is still
the predominant value for spin parameter a = 0, 5.
A rapidly spinning black hole (a = 0, 99) has the innermost region of the accretion disk closer to the black hole event
horizon. X-ray photons emitted by the accretion disk are influenced stronger by the gravitational field because of the BH
proximal vicinity and tends to flip toward wider OAM modes.
As it can be noticed from figure 2 (right) the near-extreme
spinning Black hole has a broader OAM spectrum with a significant reduction of zero LG modes.
We are interested here of another remarkable aspect that reside from the OAM maps above; as can be inferred from figure
2, X-ray photons emitted near the RBH acquire both negative
and positive OAM values. Considering the OAM modes, the
state of X-ray photons can be expressed as a combination of
positive and negative OAM modes, −` and ` .
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A good measure to characterize the state of the accretion
disk photons having acquired the two degrees of freedom (polarization and OAM) is the linear entropy of the system. The
linear entropy expresses the degree of mixedness of the system and is related to the density matrix through the relation:
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Figure 2. OAM modes spectrum for X-ray photons emitted by the
accretion disk of two different spin parameter black holes slow
spinning BH (left) and high spinning BH (right). Caption from [10].

The generic X-ray photon emitted nearby RBH acquires not
only a definite polarization (horizontal or vertical) but also a
definite value of OAM (±`). The OAM modes (±`) can possess theoretically any values in the interval [−∞, ∞]. The photon OAM (±`) are orthogonal [28], [29] and form an unbound
Hilbert space unlike the case of photon polarization which is
two-dimensional. We restrict the OAM unbound Hilbert space
to a two dimensional Hilbert(HOAM ) space by considering a
generic subspace of OAM (±`), were ` can take precise values ±1, ±2, ... , as it will be seen later in this paper. For now
we will consider generic OAM (±`) having in mind a specific
value of X-ray photons OAM. To consistently specify the state
of X-ray photons emitted by the accretion disk both of the two
degrees of freedom must be considered. The polarized photon
has now one more degree of freedom to assess its quantum
state, the OAM mode, such as a photon horizontally/vertically
(H/V) polarized also possess −` or ` OAM modes. The state
of photons emitted by the RBHs accretion disk can have one
of the states (H, `), (H, −`), (V, `) and (V, −`) that form the basis:
n

|H, `i , |H, −`i , |V, `i , |v, −`i

o

(12)

for a bipartite two-level quantum system:

|Φ pol−OAM i ∈ H pol ⊗ HOAM

(13)

The state of X-ray photons emitted near RBH defined by a
bipartite two-level system, polarization OAM has the general
form:
|Φ pol−OAM i = α00 |H, `i + α01 |H, −`i + α10 |V, `i + α11 |V, −`i
(14)
P
with i j α2i j = 1

d
(1 − T r(ρ2 ))
d−1

(15)

where d is the dimension of the Hilbert space of the system, here d = 4 for the X-ray photons with two degrees of
freedom, and T r stands for the trace of the density matrix of
the composite system.
Fortunately here is not necessary to construct the 4x4 density matrix of the photons. We determine the state of the system [14], [15] by making a connection with its subsystems
components, benefiting from the fact that polarization subsystem is to a certain extent known.
We consider here that a large amount of mixedness present
in the subsystems implies a large degree of non-separability of
the composite system and vice-versa, a large amount of purity
for the subsystems characterize a composite system in mixed
state. It is sufficed here to consider only the reduced density
matrix of the polarization subsystem to determine the state of
the whole system, polarization-OAM.
We do not know anything about the state of the composite
system polarization-OAM yet, but the reduced density matrix
must fully describe the outcomes of measurements of X-ray
photon polarization.
The reduced density matrix of polarization of the bipartite
polarization-OAM composite system is found by taking a partial trace over the OAM states:
ρred = T rOAM (|Φ pol−OAM i hΦ polO AM |)

(16)

where T rOAM is the trace over OAM modes of the density
matrix on the composite system, the X-ray photon having two
degree of freedom polarization and OAM.
The reduced density matrix is the polarization matrix in eq.
(11) since two degrees of freedom that compose the bipartite
system polarization-OAM refers the same photons. The reduced density matrix yields to:

ρred

" 2
#
cos χ 0
= ρp =
0
sin2 χ

(17)

The linear entropy for the X-ray polarization subsystem
considering the reduced density matrix can be written as:
S L = 2(1 − T r(ρ2p ))

(18)

The reduced density matrix is known and the trace of it is
related to the degree of polarization variable according to:
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T r(ρ2p )) =

1
(1 + δ2 )
2

(19)

The linear entropy for the X-ray photons polarization subsystem takes the simple form [15]:
S L = 1 − δ2

(20)

The photons emitted by the outer regions of the accretion disk are characterized by horizontal polarization, having
higher values of degree of polarization as we have seen earlier, can be considered as being closer to a pure state since the
linear entropy is closer to zero, S L = 0. The photons coming from the innermost region vertically polarized with higher
degree of polarization are also in a closer to polarization pure
state.
We argue base on figure 1 that the minimum of degree of
polarization is present for the X-ray photons emitted by the
accretion disk in the transition region, at thermal peak energy.
The faster block hole is spinning the lower the degree of polarization at the thermal peak. We conclude that at the thermal peak the linear entropy is closer to the maximum value,
S L = 1, which induces a state of maximum mixedness in the
polarization of photons at the transition region of the accretion
disk.
The high degree of mixedness of the photons at the thermal peak determines a high degree of non-separability for the
composite system of polarization- OAM considered. The Xray photons emitted by the RBH accretion disk in the thermal
peak are entangled to some extent in polarization and OAM
modes.
We have two orthonormal two-level subsystems, polarization and OAM, entangled at the composite system level and
the diagonalized reduced density matrix of the polarization
system, based on that we would perform Schmidt decomposition over the composite system. Considering for the Schmidt
decomposition in the basis (12), the general state of the system
in eq. (14) reduces to the elegant form:
|Φ pol−OAM i =

√

λ |Hi |`i +

√

1 − λ |Vi |−`i

(21)

where λ and 1 − λ are the Schmidt coefficients and are determined by the eigenvalues of the reduced density matrix of
polarization:
λ = cos2 χ

(22)

1 − λ = sin2 χ

(23)

With the Schmidt coefficients from eq. (18), the general
state of polarization-OAM for the X-ray photons emitted by
accretion disk is determined to be of the form:
|Φ pol−OAM i = cos χ |Hi |`i + sin χ |Vi |−`i

(24)

The eq. (19) expresses the non-maximal Bell state for the
bipartite system consisting of photons with polarization OAM
degrees of freedom. It should be noticed that the degree of
entanglement is determined by the polarization angle value.
The non-maximally entanglement expressed in the relations
above , for the polarization-OAM degrees of freedom of the
X-ray photons emitted in the transition region of the accretion
disk transforms in maximally entangle states at the thermal
peak where the polarization angle is χ = π4 for an extreme
spinning black hole.
1
|Φ pol−OAM i = √ (|Hi |`i + |Vi |−`i)
2

(25)

All four Bell states are recovered considering that rotation
of polarization angle could acquire both positive and negative
values:
1
|Φ±pol−OAM i = √ (|Hi |`i ± |Vi |−`i)
2

(26)

1
|Ψ±pol−OAM i = √ (|Hi |−`i ± |Vi |`i)
2

(27)

V.

Although it may seems premature to speak of the detection
and measurement of Bell states since neither polarization, nor
OAM modes of X-ray radiation emitted near RBH have not
been properly observed to date. The tentative detection of Xray polarization mission GEMS (Gravity and Extreme Magnetism Small Explorer) that NASA has been scheduled to be
launched in 2012 was canceled on budget ground.
The detection and measurement of Bell states are very common in these days optical quantum information processes.
Precise setups to measure all four Bell states of singlephotons, in polarization and OAM modes, have been reported
[20],[21].
The same technical setups could be inferred in measurement of X-ray photons considering the limitations determined
by their high energies. However, apparatus required in detection of X-ray Bell states have already been tested in laboratory.
The later improvement in technology applied to X-ray applications such as spiral phase plates, wave plates, beam splitters [24],[25] and leading to quantum computation with X-ray
photons [22] were performed well in the laboratory tests.
The idea that once detected by telescopes, X-ray photons
emitted by rotating black hole accretion disk at the thermal
peak energy could be analyzed and the four Bell states could
be measured may not be that exaggerated.
We stated earlier that to detect Bell states of X-ray photons from the accretion disk, we have to specify the exact
two-dimensinonal Hermitian space of OAM modes. The most
probable OAM modes X-ray photons can acquire, as it can be
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inferred from the figure 2 are ` = ±1 , since in the OAM map
these two values are the most representative.
Choosing ` = ±1 as basis for the OAM modes the X-ray
photons Bell states take the form:
1
|Φ±pol−OAM i = √ (|Hi |1i ± |Vi |−1i)
2

(28)

1
|Ψ±pol−OAM i = √ (|Hi |−1i ± |Vi |1i)
2

(29)

The setup destined to measure the Bell states of X-ray photons coming from RBH should be calibrated over the states in
eq. (23)-(24).

VI.

In conclusion, we argued in the present paper that photons
of X-ray radiation emitted by the accretion disk of rotating
black holes are entangled in polarization and OAM. The degree of entanglement depends on the region of the accretion
disk the X-ray radiation is coming from and the speed BH is
spinning.
Photons emitted by accretion disks, influenced by strong
gravitational field nearby spinning black holes acquire OAM
and suffers rotation of polarization angle. We consider these
two degrees of freedom of photons as a bipartite two-level
system and infer that the reduced matrix of polarization determined by the degree of polarization is a measure of the mixedness of the system via linear entropy.
We have shown, based on the higher degree of polarization values that X-ray photons emitted in the outer and innermost regions of the accretion disk in near pure states are
very weakly entangled. Radiation emitted in the transition region of the disk probe a weak degree of polarization signaling
a higher degree of entanglement in polarization and OAM at
the composite system level.
The degree of polarization at the transition region weakens
as the BH spins faster, fact that allows us to conclude that Xray photons probe higher degrees of entanglement near faster
spinning BH. The X-ray photons maximal entangled states are
present for extreme rotating BH.
The maximal entanglement is represented by all four Bell
states, deduced via Schmidt decomposition.
Although it may seems premature to speak of measurement
of this Bell states, the present development of quantum information apparatus allow us to hope that near future will probe
the entanglement in polarization and OAM for X-ray photons
emitted near spinning BH.
Detection of Bell states in photons coming from RBH may
prove to be important since it suggest that these mysterious
astrophysical bodies are capable to implement complex quantum information processes.

VII.

REFERENCES

[1] Schnittman, J. D., Krolik, J. H., Aug. 2009. X-ray Polarization from Accreting Black Holes: The Thermal State.
ApJ701, 1175-1187.
[2] Chandrasekhar S. Radiative Transfer (Dover Publications Inc., New York, 1960).
[3]Connors P. A. , Stark R. F. Observable gravitational effects on polarized radiation coming from near a black hole.
Nature 269, 128129 (1977).
[4] Connors P. A., Stark R. F., Piran T., Polarization features
of X-ray radiation emitted near black holes,1980, ApJ, 235,
224
[5] Cunningham C., Returning radiation in accretion disks
around black holes, 1976, ApJ, 208, 534-549
[6]Agol, E., Krolik, J. H. 2000, Magnetic Stress at the
Marginally Stable Orbit: Altered Disk Structure, Radiation,
and Black Hole Spin Evolution, ApJ, 528, 161
[7] W. H. McMaster, Polarization and the Stokes Parameters, Am. J. Phys. 22 (1954) 351362.
[8] W. H. McMaster, Matrix Representation of Polarization,
Rev. Mod. Phys. 33 (1961) 828.
[9] Harwit, M., Photon Orbital Angular Momentum in Astrophysics, 2003, Astrophys. J. 597, 1266 1270.
[10] F. Tamburini, B. Thide, G. Molina-Terriza, and G.
Anzolin, Twisting of light around rotating black holes, Nat.
Physics 7(3), 195197 (2011).
[11] H. Yang and M. Casals, Wavefront twisting by rotating
black holes: orbital angular momentum generation and phase
coherent detection, Phys. Rev. D 90, 023014 (2014).
[12] Elias, N. M. II, Photon orbital angular momentum in
astronomy, 2008, Astron. Astrophys, 492, 883 922.
[13] N. Uribe-Patarroyo, A. Alvarez-Herrero, A. Lopez
Ariste, A. Asensio Ramos, T. Belenguer, R. Manso Sainz, C.
LeMen, and B. Gelly, Detecting photons with orbital angular
momentum in extended astronomical objects: application to
solar observations, Astron. Astrophys. 526, A56 (2011).
[14] O. Gamel, D. F. V. James, Measures of quantum state
purity and classical degree of polarization, Phys. Rev. A 86
(2012) 033830.
[15] Chithrabhanu Perumangatt, Gangi Reddy Salla, Ali
Anwar, A. Aadhi, Shashi Prabhakar, and R.P. Singh, Scattering of non-separable states of light. Opt. Commun., 355:301
305, 2015.
[16] R. Horodecki, P. Horodecki, M. Horodecki, K.
Horodecki, Quantum entanglement,Rev. Mod. Phys. 81
(2009) 865942.
[17] Bjrk G, de Guise H, Klimov A B, de la Hoz P and
Snchez-Soto L L 2014 Classical distinguishability as an operational measure of polarization Phys. Rev. A 90 013830
[18] M. Genoni, P. Giorda, M. G. A. Paris, Optimal estimation of entanglement Phys. Rev. A 78, 032303 (2008); J.
Phys. A 44, 152001 (2011).
[19] Wei T-C, Altepeter J B, Branning D, Goldbart P M,
James D F V, Jeffrey E, Kwiat P G, Mukhopadhyay S and Peters N A 2005 Synthesizing arbitrary two-photon polarization
mixed states Phys. Rev. A 71 032329

7
[20] A. Z. Khoury and P. Milman, Quantum teleportation
in the spin-orbit variables of photon pairs, Phys. Rev. A 83,
060301 (2011).
[21] C. Perumangatt, A. Abdul Rahim, G. R. Salla, S. Prabhakar, G. K. Samanta, G. Paul, and R. P. Singh, Three particle
hyper-entanglement: Teleportation and quantum key distribution, Quantum Inform. Process. 14(10), 3813 (2015)
[22] Gunst, J. et al. Logical operations with single x-ray
photons via dynamically-controlled nuclear resonances. Sci.
Rep. 6, 25136; doi: 10.1038/srep25136 (2016).
[23] S. Sasaki and I. McNulty, Proposal for Generating
Brilliant X-Ray Beams Carrying Orbital Angular Momentum,
Phys. Rev. Lett. 100, 124801 (2008).
[24] Peele, A. G. et al., X-ray phase vortices: theory and

experiment. J. Opt. Soc. Am. A 21, 15751584 (2004)
[25] Shwartz, S., Harris, S. E. Polarization Entangled Photons at X-Ray Energies. Phys. Rev. Lett. 106, 080501 (2011).
[26] Bergou J A and Hillery M, Introduction to the Theory of Quantum Information Processing 2013, New York:
Springer.
[27] Ekert A, Knight PL, Entangled Quantum-Systems and
the Schmidt Decomposition, American Journal ofF Physics,
Vol: 63 (1995).
[28] Mair, A., Vaziri, A.,Weihs, G. , Zeilinger, A. Entanglement of the orbital angular momentum states of photons,
Nature 412, 313 (2001).
[29] Krenn, M. et al., Communication with spatially modulated light through turbulent air across Vienna, New J. Phys.
16, 113028 (2014).

